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degrees of freedom display, surprisingly, a hidden supersymmetry. The list includes the bound state 
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I. Introduction. — Supersymmetry (SUSY), as a sym- 
metry between bosons and fermions, was originally intro- 
duced in search of a nontrivial unification of space-time 
and internal symmetries in relativistic quantum field the- 
ory To explain its no (so far) experimental evidence 
in nature, supersymmetric quantum mechanics was in- 
vented by Witten as a toy model to investigate a SUSY 
breaking in field theory [2j . Subsequently supersymmet- 
ric quantum mechanics was transformed into indepen- 
dent line of research, which stimulated new approaches 
to other branches of physics including atomic, nuclear, 
condensed matter and statistical physics 

The low dimensional physics possesses some peculiar 
features among which are a remarkable equivalence be- 
tween fermions and bosons in 2D field theories Q , and a 
boson-fermion, or more generally, a boson-anyon trans- 
mutation based on the Aharonov-Bohm (AB) effect in 
planar systems These peculiarities indicate that 

SUSY could be present in a hidden form in some bosonic 
systems. It really was observed in quantum mechani- 
cal models with a nonlocal Hamiltonian depending on a 
reflection (parity, or exchange) operator and in a re- 
lated parabosonic system Q. On the other hand, hidden 
SUSY of a nonlinear (polynomial) form 3, Hi was recently 
found [§] in a conformal mechanics model 1(| described 
by a local Hamiltonian. However, it appears there as a 
fictitious symmetry due to a boundary conditions break- 
ing associated with its odd generators. 

In this paper we show that some simple well stud- 
ied quantum mechanical systems without fermion (spin) 
degrees of freedom display, surprisingly, a true hidden 
SUSY. The list of bosonic systems with local Hamiltoni- 
ans includes the bound state Aharonov-Bohm, the Dirac 
delta and the Poschl- Teller (PT) potential problems, in 
which we reveal the unbroken and broken N — 2 SUSY 
of linear and nonlinear (polynomial) forms. 

77. Hidden SUSY in bound state AB effect. — Let us 
first consider a free particle on a circle of unit radius, 
given by the Hamiltonian (h = 2m = 1) 

The 27r-periodic eigenfunctions of the angular momentum 
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I = 0, ±1, . . . , provide us with a complete basis for the 
Hilbert space of states, and solve the spectral problem, 
Htpi — Eitpi, Ei = I 2 . All the energy levels are positive 
and doubly degenerate except the level Eq = of the 
singlet ground state. Such spectral properties are typical 
for a quantum mechanical system having the unbroken 
N = 2 SUSY. Though system |T]) has no fermion degrees 
of freedom, a complete supersymmetric structure can be 
revealed in it by identifying a reflection, Ri/j((p) — ip(-ip), 
as a grading operator. Indeed, it is a self-adjoint integral 
of motion, R = ffi , R 2 = 1, [H,R] = 0, which anticom- 
mutes with angular momentum. Hence the self-adjoint 
operators 

Qi =p v , Q2 = iRQi, (3) 

generating an ordinary N — 2 superalgebra, 

{Qa,Qb} = 25 ab H, [H,Q a ]=0, (4) 

are identified as the supercharges. The energy eigen- 
states ipt = cos ^ an( i = sm satisfying the re- 
lations Ri/if^ = it/^, play here a role of the bosonic- 
and fermionic-like states. The peculiarity of the de- 
scribed SUSY of this simple system with pure bosonic 
local Hamiltonian is hidden in the nonlocal nature of 
the grading operator and of one of its two supercharges, 
namely, Q2. 

Consider now a charged particle on a unit circle x 2 + 
y 2 = 1 placed in the z = plane and pierced by a mag- 
netic field of a flux line, B z = eijdiAj = $ S 2 (x, y), where 
e ij r j IS a planar vector potential. The Hamil- 
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— 7T— corresponds to the bound state AB effect 
12J . States © are the eigenstates of Hamiltonian 
§5§ with eigenvalues Ei = (I + a) 2 . The shifted angular 
momentum operator p v + a and Hamiltonian ((SJ can be 
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related to the same operators of the free particle (a = 0) 
by a transformation 



O a = U-a(<p)OoU a (tp), U a (tp) = e 



(6) 



In a generic case relation ((5]) has, however, a formal char- 
acter since the unitary- like operator U a (if) takes out the 
states ([5]) from the Hilbert space of 27r-periodic wave 
functions. 

When the parameter a takes an integer value a = n, 
nfZ, the spectrum reveals the structure of the unbroken 
N = 2 SUSY: the states ipi and # with V = -(I + 2n), 
I 7^ —7i, have the same energy, while the state ip-n is a 
singlet ground state of zero energy. The twisted reflection 
operator R n — e~ 2mip R plays here the role of the grading 
operator, allowing us to realize the supercharge operators 
of the hidden N = 2 SUSY in the form similar to © but 
with p v changed for p v + n. The supercharges annihilate 
the singlet bosonic-like state ip— n , R n ip- n = ip—n- Since 
the U n (ip) is a well defined operator in the Hilbert space 
of 27r-periodic wave functions, system (JSJ) turns out to be 
unitary equivalent to the free system. 

The spectrum is also degenerate in the nontrivial case 
of the AB effect characterized by the half-integer values 
of the parameter a. At a = n + h = j , there is no singlet 
state of zero energy in the spectrum, and all the energy 



levels are doubly degenerate, Ei = E_ 
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ture corresponds to the broken N — 2 SUSY. Though 
transformation (|6|) in this case is of a formal character, it 
produces a well defined grading operator being a twisted 
reflection operator Rj = e^ 12 '^ R, Rjipfi — - j , where 

tjy^l = ipi ± ip-(i+2j)- Having in mind relation ([5]), 
we find that the Hamiltonian Hj and the supercharges 
Qj,i = + i) Qj,2 = iRjQj,i are the even and odd op- 
erators with respect to Rj, and that they generate the 
superalgebra of the form (fj|. In both cases a = n,j the 
local supercharge Q\ is diagonal on the states @. 

Note here that the special "magic" of half fiuxons and 
resulting degeneracy was discussed in the context of the 
AB and Berry phases in Ref. 

777. Ridden SUSY in delta potential problem. — A 
different structure for hidden SUSY is provided by a one- 
dimensional delta potential problem given by 



(7) 



In the case of the attractive potential with (3 > 0, the 
energy of the unique bound state 



(8) 



is equal to zero due to a special value of the constant 
term in the Hamiltonian. For energy values E > (3 2 the 
wave functions 



and ipfr \x) — ^^(—x) correspond to scattering states 
with plane waves incoming, respectively, from — oo and 
+oo. Here k = sJE — (3 2 > 0, Q(x) is a step function 
(9(» = for x < and Q(x) = 1 for x > 0), r(k) = 
— (3 j (P + ik) and t(k) = ik / ((3 + ik) are the reflection and 
transmission coefficients. Having a singlet zero energy 
bound state and double degeneracy of the energy levels in 
the scattering sector, we have a hidden unbroken N = 2 
SUSY structure. It can be made explicit by identifying 
a reflection R, Rip(x) = tp(—x), as a grading operator. 
Unlike the previous system, here the both supercharges 



<h ( ^+f3e{x)R 



) 2 = iRQi, 



(10) 



Qa = Q a i £ ( x ) = @( a; ) — ©( — x ): are nonlocal due to the 
presence in them of the reflection operator. Using the 
relation 6(x)Rip(x) = S(x)ip(x), one finds that the odd 
supercharges together with the even Hamiltonian gen- 
erate the N = 2 superalgebra (j4|). The bound ground 
state ([HI) is annihilated by the both supercharges, and 
is identified as a bosonic-like state, R^^x) = ipo[x). 
Parameterizing the reflection and transmission coeffi- 
cients as r = isin7e 17 , t — cos7e 17 , sin 7 = (3/y/E, 



cos 7 = k/yE, one finds that the scattering informa- 
tion is encoded in the structure of the distorted plane 
wave states xjj^ = cos (7 + k\x\) ± isvakx, being the 
eigenstates of the supercharge Q\ linear in derivative, 

The substitution (3 — > —(3 yields the case of a repulsive 
potential, for which the analog of © is not normalizablc. 
This case is characterized by the hidden broken N = 2 
SUSY with a typical double degeneracy of the continuous 
spectrum with E > f3 2 . In the limit f3 — > the scattering 
states (x) and ipi "* (x) are transformed into the plane 
wave solutions with E > 0, while ipo{x)/\/P is reduced to 
a constant wave function corresponding to a singlet state 
with E = 0, and the hidden SUSY of the delta potential 
problem is transformed into the hidden unbroken N = 2 
SUSY of a free particle on a line. 

IV. Hidden nonlinear SUSY in PT system. — Now 
consider the quantum PT potential problem 1J, |l5| 
given by the Hamiltonian 

ff A = -j^-A(A + l) f 2 +X 2 lo 2 (11) 
dx z cosh ujx 

with two real parameters A and u). It factorizes, H\ = 
—D-\D\, via the first order differential operators, 

T>\ = — + Xuj tanh lux, T>_ x = ~T>\ , (12) 
dx 

satisfying the relations 

V_ X V X = V X+1 V_ (X+1) + (2A + 1 V 2 , (13) 



V^ +) (^) 



(e lkx + re~ lkx ) Q(-x) + te lkx Q{x) (9) 
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dx 
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C = coshux. At integer A the second equality from 
Eq. (fl4)) is a consequence of the iterative application 
of the first equality. It is this property that is behind 
the reflectionless nature of the PT potential with X = I, 
I € Z, due to which system (fTT|) turns out to be related 
to the nonlinear integrable systems We put A = I 
assuming that I = 1, 2, . . .. 

System (fTT|) with A = I possesses I bound states. Its 
continuous spectrum is doubly degenerate except the first 
level with Ei(Q) = 1 2 uj 2 , see below. This indicates on 
existence in it of a hidden nonlinear SUSY @, Again, 
we identify the reflection, R, [Hi, R] = 0, as a grading 
operator. The system has a local integral of motion 

Vi=W_{D^ + x...V u (15) 

Vi = Vj , being the order (21 + 1) differential operator 
It satisfies the relation Vf = P2i+i(H{), where the 
order 21 + 1 polynomial is 

l-i 

P 2I+ i(ff,) - {Hi - l 2 u 2 ) [] (Hi - (I 2 -(I- n) 2 )u 2 ) 2 . 

n=0 

(16) 

Since R anticommutes with integral (| 15(1 , we identify the 
operators 

Qi,i=Vi, Qi,2 = iRQi,i, (17) 

Qi,a = Q\ a , as the supercharges. Together with the 
Hamiltonian they generate a nonlinear (polynomial) su- 
peralgebra of the order 21 + 1, 

{Ql,a,Ql,b} = 25 ab P2l+l(Ht), [Hl,Ql,a]=0, (18) 

whose form coincides with that of the hidden SUSY of 
the order 2(1+ 1) parabosonic oscillator 0- 

The (non-normalized) bound states have the form 
"0;,o = cosh - ' lux and 

ipl, n (x) = V-{D-i +1 . . . £>-;+„-! cosh™ - ' ljx, (19) 

where n — 1, ... ,1 — 1. These are the singlet states cor- 
responding to the n discrete energy levels 

Ei, n = {I 2 - (I - n) 2 )co 2 , n = 0,...,Z-l. (20) 

They are annihilated by the supercharges Qi, a , and have 
a definite parity, Ripi,n — (~l) n ipi,n- 

In correspondence with reflectionless nature of the sys- 
tem, the functions 

(a?) = X>_iZ>_j+i . . . V-x exp(±i/cx) (21) 

with k > describe the scattering states of the energy 
Ei(k) = k 2 + 1 2 lj 2 , and satisfy the relation Rip^ — 

(— l)Vi fe ■ They are the eigenstates of the local super- 
charge Qi,\, 

Ql,l4f = T(-l) l kE 1 (k)E 2 (k) . ..Ei{k)4f, (22) 



E n (k) = k 2 + n 2 uj 2 , n = I,..., I. The states ip\ and 
with k > form a SUSY doublet. The SUSY sin- 
glet state ?/>q = — ^["q is annihilated by the both 
supercharges. Eqs. (fit?)) and (f2"0")) at n = I reproduce this 
singlet state, being a polynomial of order / in tanhwx, 
and its corresponding energy. Note that the simplest 
( "fermionic" ) singlet state ipo(x) = tanhwx appears as 
a kink solution in the 2-dimensional ip 4 field theory, for 
which the Schrodinger equation with PT potential plays 
a role of a stability equation [171 ] . 

The scattering data can be extracted from the eigen- 
states of the supercharge Q\. Taking the limits x — > +oo 
in IJ2TJI, one gets i>$(x) -> Af(k)e lkx , 

Af(k) = (ik ± luo){ik ± (/ - l)w) ...(ik± u). (23) 

As a result we find the transmission coefficient ti(k) = 
Af (k) I 'Aj ' (k) . It can be presented in the form U(k) — 
exp (— 2i(5i jfe + . . . 5 Lk )) , e~ lS "- k = (nui - ik)/y/E„ tk . 

Thus, the PT system with parameter A = I has the 
hidden unbroken N — 2 nonlinear SUSY characterized 
by the polynomial superalgebra (f!8|) . and by the I + 1 
singlet SUSY states of alternating parity. 

Though the structure of the hidden SUSY in the PT 
and the delta potential problems is essentially different, 
the Hamiltonian of the the latter system can be obtained 
via a limit procedure from the former system of a generic 
form with A 6 R. Rcscaling the coordinate variable, x — > 
lu\(3~ 1 x, and taking the double limit A — > 0, uj — > oo, 
Xu) = /3, we reduce Hamiltonian (fTTj) to ||7J). 

V. Summary and discussion. — Let us summarize and 
discuss the obtained results. The revealed hidden SUSY 
of the three quantum bosonic systems with local Hamil- 
tonians is based on the existence of the grading operator, 
which is a nonlocal integral of motion being a reflection 
or a twisted reflection operator, and of a nontrivial inte- 
gral anticommuting with it. In the bound state AB and 
delta potential problems the supercharges have a nature 
of a square root of the Hamiltonian, while in the PT sys- 
tem with parameter A = I they are of the square root of 
the order 21 + 1 polynomial in Hi nature. In the AB and 
PT systems one of the self-adjoint supercharges is local, 
but in the delta potential problem the both self-adjoint 
supercharges are nonlocal operators. 

In the bound state AB effect, Eq. being applied 
to the reflection operator R yields a well defined twisted 
reflection operator only for integer and half-integer val- 
ues of the parameter a. Exactly in these two special 
cases the system enjoys the hidden unbroken (a = n), 
or broken (a = n + ^) N — 2 SUSY characterized by 
the minimum, E = 0, and maximum, E = -t, energy val- 
ues of the ground state. A hidden SUSY is also present 
in the AB system extended to the cylindrical geometry 
and given by the Hamiltonian H cy i ya = H a + p 2 , where 
p z = —i-jz, —oo < z < oo. For such a system the 
hidden N — 2 SUSY exists, again, only for 2a S Z. 
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It is characterized by the grading operator T = R z R a , 
ri/;(z,(p) = e~ 2lav ip(— z, — (p). The supercharges are the 
nonlocal operators Q a ,i = (p v +a)+iTp z , Q a ^ = i^Q a ,i, 
Qa.a — Qa a i generating the superalgebra of the form ([?]). 
In the case of the planar AB system with a = n, a hid- 
den N = 2 SUSY can be revealed following the same 
line. However, for half-integer values of a the action of 
the supercharge operators takes off some of the energy 
eigenstates from the Hamiltonian domain. Due to these 
complications, the analysis of the hidden SUSY in the 
planar AB effect requires a special treatment related to 
the problem of a self-adjoint extension [Lil ]. 

The hyperbolic PT potential can be treated as a limit 
case of some doubly periodic elliptic functions with a real 
period tending to infinity The quantum prob- 

lems with periodic potential given by an elliptic function 
appear, in particular, in solid state physics as the crys- 
tals models. It would be interesting to look for a hid- 
den supersymmetry in such a class of periodic quantum 
mechanical systems 
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They are also of interest for 
supersymmetric quantum mechanics 22j, Kaluza-Klein 
|23j |. and preheating after inflation theories 24]. 

Since the three considered related bosonic systems re- 
veal a hidden N = 2 SUSY of linear or nonlinear form, 
it has also to be present as a hidden, additional SUSY 
in the corresponding ordinary supersymmetric systems 
obtained via the extension by fermionic (spin) degrees 
of freedom. Unlike the fictitious double SUSY of super- 
conformal mechanics model observed in Ref. [9(, the su- 
persymmetric extentions of these three systems have to 
possess a true double supersymmetry. 

It seems likely that the hidden SUSY should also reveal 
itself in nonlinear integrable systems and field theoretical 
models. The natural candidates for investigation in such 
a direction are the systems to which the PT quantum 
potential problem is related, namely, the Korteweg-de 
Vries equation [HI], and the 2-dimensional ip 4 and sine- 
Gordon field theories [13]. Another class of the systems 
corresponds to the (2+l)D models with Chern-Simons 
term inducing a spin-statistics transmutation based on 
the AB effect @,[2g. 
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